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A function from the plane to the plane is axial if it does not change one coordinate.
We show that not every continuous function can be approximated by a superposition
of continuous axial functions. This is a counterexample to a possible generalization of
theorem of Eggleston about continuous bijections.
© 2009 Published by Elsevier B.V.
Deﬁnition 1. Function f : X × Y → X × Y is axial if
f (x, y) = (x, g(x, y)) for some g : X × Y → Y
or
f (x, y) = (g(x, y), y) for some g : X × Y → X .
We will be interested only in continuous functions on the plane R2 or the square [0,1]2. The set of ﬁnite compositions
of continuous axial functions from the unit square [0,1]2 to the unit square is denoted by Θ i.e.
Θ = { f : [0,1]2 → [0,1]2 ∣∣ f = fn ◦ · · · ◦ f1, f i : [0,1]2 → [0,1]2 is axial and continuous
}
.
By |a − b| we will denote the distance of the points a and b on the plane (|a| is the distance from (0,0)).
Eggleston [2] proved the following result.
Theorem 2. Let h : [0,1]2 → [0,1]2 be any homeomorphism of the square [0,1]2 being identity on the boundary and let ε > 0. There
is g ∈ Θ such that
∀p∈[0,1]2
∣∣h(p) − g(p)∣∣ < ε.
The author asked (in [4]) if Theorem 2 is true for all continuous functions not only homeomorphisms. The answer is
negative.
Our main result is an example of a function which cannot be approximated (in supremum metric) by functions from Θ .
Before the theorem we state a lemma. By a closed curve we understand a continuous image of a circle or of a boundary
of a square. Since a closed curve A ⊂ R2 is a compact and connected set, there is exactly one component of R2 \ A which
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560 M. Szyszkowski / Topology and its Applications 157 (2010) 559–562is unbounded. We say that a set is outside a closed curve if it is contained in this unbounded component. A set is inside a
closed curve if it is disjoint with the unbounded component (is ‘surrounded’ by a curve).
Lemma 3. Let M = {x ∈ R2: |x|  a}, K = {x ∈ R2: |x| < b} where a > b > 0, and let M = {x: |x| = a}, K = {x: |x| = b} (the
boundaries of M and K). For every continuous f :M \K →R2 with f (M) and f (K ) outside of each other there are points v,w ∈
M \K with |v − w| = a + b and f (v) = f (w).
Proof. Let f :M \K→R2 with f (M) and f (K ) outside of each other. We will replace f by a function deﬁned on a sphere
S ⊂R3. We use spherical coordinates in R3 i.e. x ∈R3 ⇒ x = (r,ϕ,ψ) where r ∈ [0,∞), ϕ ∈ [0,2π ], ψ ∈ [−π2 , π2 ] and polar
coordinates in R2 i.e. R2 	 x = (r,ϕ) where r ∈ [0,∞), ϕ ∈ [0,2π ].
Let S be a sphere in R3 with radius a i.e. S = {x ∈R3: |x| = a} = {x = (a,ϕ,ψ): ϕ ∈ [0,2π ], ψ ∈ [−π2 , π2 ]} and let S ′ ⊂ S
be a ‘ring’ S ′ = {(a,ϕ,ψ) ∈ S: ψ ∈ [π2 ( ba − 1), π2 (1− ba )]}.
The set S \ S ′ consists of two components (spherical caps) U1 and U2 whose boundaries are two circles K ′ =
{(a,ϕ,ψ): ψ = π2 (1− ba )}, M ′ = {(a,ϕ,ψ): ψ = π2 ( ba − 1)} (note that U1 = −U2).
We deﬁne g : S ′ →M \K by g(a,ϕ,ψ) = (− aπ ψ + a+b2 ,ϕ). Note that g is a homeomorphism (between S ′ and M \K)
and g(M ′) = M and g(K ′) = K .
The function f ◦ g : S ′ → R2 is continuous and the images f ◦ g(M ′) = f (M) and f ◦ g(K ′) = f (K ) are outside of each
other. Let h : S →R2 be an extension of f ◦ g so that h(U1) and h(U2) are disjoint (this is possible as h(M ′) and h(K ′) are
outside of each other).
We use now the Borsuk–Ulam theorem (see e.g. [3, Chp. 2, §5, Thm. 5.2]) which states that there are two antipodal points
x and −x on S with h(x) = h(−x). None of the points x or −x can belong to U1 or U2 (if, say, x ∈ U1 then −x ∈ U2 but h(U1)
and h(U2) are disjoint). So x,−x ∈ S ′ , this means that f (g(x)) = f (g(−x)) and g(x), g(−x) ∈ M \ K. But x = (a,ϕ0,ψ0),
−x = (a,ϕ0 +π,−ψ0) so g(x) = g(a,ϕ0,ψ0) = (− aπ ψ0 + a+b2 ,ϕ0) and g(−x) = g(a,ϕ0 +π,−ψ0) = (+ aπ ψ0 + a+b2 ,ϕ0 +π)
thus |g(x) − g(−x)| = |(− aπ ψ0 + a+b2 ,ϕ0) − (+ aπ ψ0 + a+b2 ,ϕ0 +π)| = (− aπ ψ0 + a+b2 ) + (+ aπ ψ0 + a+b2 ) = a + b. 
Corollary 4. Let M = [−a,a]2 , K = (−b,b)2 , where a > b > 0, and let M, K be the boundaries of M and K. For every continuous
f :M \K→R2 with f (M) and f (K ) outside of each other there are points p,q ∈M \K with |p − q| a + b and f (p) = f (q).
Proof. We will replace squares M and K with discs inscribed in them and apply Lemma 3.
Let M′ = {x ∈ R2: |x|  a}, K′ = {x: |x| < b}, M ′ = {x: |x| = a} and K ′ = {x: |x| = b}. Let g : M′ → M be deﬁned by
g(r,ϕ) = ( r| sinϕ| ,ϕ) for ϕ ∈ [π4 , 34π ]∪[ 54π, 74π ] and g(r,ϕ) = ( r| cosϕ| ,ϕ) for other ϕ . Then g(M ′) = M , g(K ′) = K and f ◦ g :
M′ \K′ →R2 are as in Lemma 3. Let v,w ∈M′ \K′ be the points given by Lemma 3. Then the points p = g(v),q = g(w)
are the desired points since |g(v) − g(w)| |v − w|. 
Corollary 5. Let D = {x ∈ R2: |x| 1} be a unit closed disc in R2 and f : D → R2 be continuous and such that f (0,0) is outside of
the curve f ({x: |x| = 1}). Then there are points p,q ∈ D with f (p) = f (q) and |p − q| > 1.
Question. Does Corollary 5/Lemma 3 hold in higher dimensions?
Remark. We can weaken assumptions in Lemma 3 that f (M) and f (K ) must be outside of each other. We need only that
f can be extended so that images of both components of R2 \ (M \K) are disjoint.
Theorem 6. There is a function f : [0,1]2 → [0,1]2 (which is identity on the boundary of [0,1]2) such that any member of Θ has
distance (in supremum metric) from f at least ε = 1 .8
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I = [−4,4]2, M= [−2,2]2, K= (−1,1)2. Denote by I,M, K the boundaries of I,M,K.
I
M
K f
f(I)=f(K)=I
f(M)=M
We deﬁne f as follows, f |I\M = identity, f (z) = 4z for z ∈K, ﬁnally on M \K we extend f linearly (i.e. when z is on
the boundary of a square [−t, t]2 for t ∈ [1,2] then f (z) = (−3t+7) ·z). This way f (K∪K ) = I and f (M\K) = (I \M)∪M .
Note also that f restricted to M \K is expanding i.e. | f (p) − f (q)| > |p − q| so any mapping h that is closer than 1 to f
cannot have h(p) = h(q) for |p − q| 2 and p,q ∈M \K.
Assume, contrary to the thesis, that there is h = ϕn ◦ · · · ◦ ϕ1, where ϕi : I → I are continuous and axial (they do not
need to be identity on I), which is closer than 1 to f in supremum metric.
We will repeatedly use the obvious remark that if ϕm ◦ · · · ◦ϕ1 (m n) ‘glues together’ two points then they stay ‘glued’
in ϕn ◦ · · · ◦ ϕ1.
Note that for every m n we have
(∗) if |p − q| 2 and p,q ∈M \K then ϕm ◦ · · · ◦ ϕ1(p) = ϕm ◦ · · · ◦ ϕ1(q),
(∗∗) h(M) is inside h(K ).
Claim. ∀in ϕi ◦ · · · ◦ ϕ1(M) ∩ ϕi ◦ · · · ◦ ϕ1(K ) = ∅. Indeed, if for some i  n ϕi ◦ · · · ◦ ϕ1(M) ∩ ϕi ◦ · · · ◦ ϕ1(K ) = ∅ then ϕn ◦ · · · ◦
ϕ1(M) ∩ ϕn ◦ · · · ◦ ϕ1(K ) = ∅ contradicting (∗∗).
Let i < n be such that ϕi ◦ · · · ◦ϕ1(K ) is still inside ϕi ◦ · · · ◦ϕ1(M) and ϕi+1 ◦ϕi ◦ · · · ◦ϕ1(K ) is not inside ϕi+i ◦ϕi ◦ · · · ◦
ϕ1(M).
The mapping ϕi+1 is axial – say vertical (ϕi+1(x, y) = (x, y′)). We claim that ϕi+1 ◦ · · · ◦ ϕ1(M) cannot be inside ϕi+1 ◦
· · · ◦ ϕ1(K ). To see this deﬁne numbers liK = inf{x: (x, y) ∈ ϕi ◦ · · · ◦ ϕ1(K )} and riK = sup{x: (x, y) ∈ ϕi ◦ · · · ◦ ϕ1(K )} and
similarly deﬁne numbers liM and r
i
M for the set M . Clearly l
i
K > l
i
M and r
i
K < r
i
M . The numbers l
i+1
K , r
i+1
K and l
i+1
M , r
i+1
M are
the same as liK , r
i
K and l
i
M , r
i
M respectively, thus ϕi+i ◦ ϕi ◦ · · · ◦ ϕ1(M) is not inside ϕi+i ◦ ϕi ◦ · · · ◦ ϕ1(K ).
Images ϕi+i ◦ϕi ◦· · ·◦ϕ1(K ) and ϕi+i ◦ϕi ◦· · ·◦ϕ1(M) cannot intersect because of the Claim. So the only possibility is that
these images are outside of each other. By Corollary 4 in this case we obtain points p,q ∈M \K with |p − q| 1+ 2 = 3
and ϕi+1 ◦ · · · ◦ ϕ1(p) = ϕi+1 ◦ · · · ◦ ϕ1(q) contradicting condition (∗). 
We introduce now a new class of functions, similar to Θ but with ‘bigger’ functions
Ξ = { f : R2 →R2 ∣∣ f = fn ◦ · · · ◦ f1, f i :R2 →R2 is axial and continuous
}
.
Eggleston in [2, Thm. 1] proved that for Ξ we do not have an analogous theorem to Theorem 2 i.e. there is a homeomor-
phism from R2 to R2 which cannot be uniformly approximated by elements from Ξ .
Recall that Hausdorff distance for two compact sets K , L on the plane is the number max(supx∈K d(x, L), supx∈L d(x, K )),
where d(x, K ) = infy∈K |x− y|.
We call a continuum a set which is compact and connected.
Theorem 7. Let f : R2 → R2 be continuous and K any continuum. Then for arbitrary ε > 0 there is g ∈ Ξ which maps K onto a set
closer to f (K ) than ε in Hausdorff metric.
Proof. Let K be a continuum, the set f (K ) is also a continuum. Let Lε = R× {nε} ∪ {kε} × R be a grid on the plane. An
‘eye’ of this grid is a square (without interior) with sides of length ε. Taking eyes of L which intersect f (K ) we obtain a set
K ′ ⊂ L differing from f (K ) less than √2ε. The set K ′ is a continuum consisting of sides of squares.
At least one projection of K on axes X or Y is a nondegenerate closed interval (except trivial case when K is a point).
We will show that we can map the interval [0,1] × {0} by a mapping from Ξ onto a set K ′ .
It is not diﬃcult to map an interval into a ﬁgure (a boundary of a square with ‘a stick’) by a function
from Ξ (picture below shows images of the interval by axial functions).

 


 
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

Proceeding so we can obtain any combination of connected squares. 
Theorem 7 cannot be improved, for modifying [2, Thm. 1] we have
Theorem 8. There is a continuous mapping f such that f ([0,1] × {0}) is not equal to g([0,1] × {0}) for any g ∈ Ξ .
We remark that f can be a homeomorphism and a uniform limit (in sup metric) of very special functions from Ξ
(compositions of slides – deﬁned in [1]).
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